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Abstract 

We find a partial solution to the longstanding problem of Kostant con- 
cerning description of the so-called locally-finite endomorphisms of highest 
weight irreducible modules. The solution is obtained by means of its re- 
duction to a far-reaching extension of the quantization problem. While the 
classical quantization problem consists in finding ^-product deformations 
of the commutative algebras of functions, we consider the case when the 
initial object is already a noncommutative algebra, the algebra of functions 
within g-calculus. 

Mathematics Subject Classifications (2000). 17B37, 17B10, 53D17, 
53D55. 

Key words: quantized universal enveloping algebra, Kostant's problem, 
highest weight module, equivariant quantization, reduced fusion element. 

1 Introduction 

Let U q Q be the quantized universal enveloping algebra "of simply connected type" 
that corresponds to a finite dimensional split semisimple Lie algebra g. Let L(X) 
be the irreducible highest weight f/ 9 g-module of highest weight A. The aim of this 
paper is to show that for certain values of A, the action map U q Q — > (End L(A)) fin 
is surjective. Here (End L(A)) fin stands for the locally finite part of EndL(A) 
with respect to the adjoint action of U g g. For the Lie-algebraic case (q — 1), 
this problem is known as the classical Kostant's problem, see [U HI [10], [IT] . The 
complete answer to it is still unknown even in the q — 1 case. However, there are 
examples of A for which the action map U(g) — > (EndL(A)) fin is not surjective. 
Such examples exist even in the case $j is of type A [12]. 

The main idea of our approach to Kostant's problem, both in the Lie-algebraic 
and quantum group cases, is that (End L(A)) fin has two other presentations. 
First, it follows from the results of [8] that (End L(A)) fin is canonically isomorphic 
to Hom[/(L(A), L(A) eg) F), where U is U(g) (resp. U q g), and F is the algebra 
of (quantized) regular functions on the connected simply connected algebraic 



group G corresponding to the Lie algebra g. In other words, F is spanned by 
matrix elements of finite dimensional representations of U with an appropriate 
multiplication. 

One more presentation of the algebra (EndL(A)) fin comes from the fact that 
Horti[/(L(A), L(X) ® F) is isomorphic as a vector space to a certain subspace F' 
of F. The subspace F' can be equipped with a ^-multiplication obtained from 
the multiplication on F by applying the so-called reduced fusion element. Then 
(End L(A)) fin is isomorphic as an algebra to F' with this new multiplication. For 
certain values of A, the same ^-multiplication on F' can be defined by applying the 
universal fusion element, that yields the affirmative answer to Kostant's problem 
in such cases. 

More exactly, consider the triangular decomposition U = U~U°U + . We have 
L(A) = M(\)/K\lx, where M(A) is the corresponding Verma module, 1a is the 
generator of M(A), and K\ C U~ . Consider also the opposite Verma module 
M{— A) with the lowest weight —A and the lowest weight vector 1_a. Then 
its maximal [7-submodule is of the form K\ • 1-a, where K\ C U + . We have 
F' = F[0] X+Kx — the subspace of [7°-invariant elements of F annihilated by 
both K\ and K\. The ^-product on F[0] Kx+Kx has the form 

/i^/ 2 = /i(J red (A)(/ 1 ®/ 2 )), 

where \x is the multiplication on F, and the reduced fusion element J rcd (A) G 
U~ <g> U + is computed in terms of the Shapovalov form on L(X). Notice that for 
generic A the element J red (A) is equal up to an C/°-part to the fusion element 
related to the Verma module M(A), see for example [lj. 

We also investigate limiting properties of J(X). In particular, for some values 
of Ao we can guarantee that /i*a/2 fi*\ fi as A — > Xq. Also, for any Ao having 
a "regularity property" of this kind, the action map U —> (End L(Ao))fi n is sur- 
jective. This gives the affirmative answer to the (quantum version of) Kostant's 
problem. 

For some values of A, the subspace F[0] Kx+Kx is a subalgebra of F[0], and can 
be considered as (a flat deformation of) the algebra of regular functions on some 
Poisson homogeneous space GjG\. In those cases, the algebra (F{0] Kx+Kx , *a) is 
an equivariant quantization of the Poisson algebra of regular functions on G/G\. 

This paper is organized as follows. In Section |2] we recall the definition of the 
version of quantized universal enveloping algebra used in this paper, and some 
related constructions that will be useful in the sequel. Section |3] is the core of 
the paper. We provide there a construction of a star-product on F[0} Kx+Kx in 
terms of the Shapovalov form on L(X). Finally, in Section H] we study limiting 
properties of fusion elements and the corresponding star-products. 
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2 Algebra U q $ 

Let k be the field extension of C(q) by all fractional powers q 1 ^ 11 , n e N = 
{1, 2, 3, . . .}. We use k as the ground field. 

Let (ajj) a finite type r x r Cartan matrix. Let d{ be relatively prime positive 
integers such that dia^ = d^a^. For any positive integer k, define 

[k]i = 9 fld . — d . . W = [l]i[2]i • • ■ [%■ 

The algebra U = U q Q is generated by the elements U, t" 1 , e^, fi, i — 1, . . . , r, 
subject to the relations 

/.p .y- -1 — n d ^ij P . 
1,1)1, ; q '''-/,. 

ei/j - /j-e* = -^—z^:, where fcj = [Jt^, 

j'=i 

V ^— ^ e k e-e~ aij = for i ^ ?' 

E rTTTi -./"/,/V " * = for i ^ j 

Notice that hejk' 1 = q dta ^ej, hfjk~ l = q~ dm ^fj. 

The algebra U is a Hopf algebra with the comultiplication A, the counit e, 
and the antipode a given by 

A(ti) =U® U, e(U) = 1, a(U) = t~ l 

A(e,) = <g> 1 + fcj <g) e u efa) = 0, cr(ej) = -k~ l ei 
A(fi) = h®k- l + l®f u e(fi) = 0, <j(f i ) = -f i k i . 

In what follows we will sometimes use the Sweedler notation for comultiplication. 

Let U° be the subalgebra of U generated by the elements ti,...,t r , if 1 , . . . , 
i" 1 . Let U + and C/~ be the subalgebras generated respectively by the elements 
ei,...,e r and f 1: ...,f r . We have a triangular decomposition U = U~U°U + . 
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Denote by 9 the involutive automorphism of U given by 9(ei) = —fo, 9(fi) = — ej, 
9(ti) = t^ 1 . Notice that 9 gives an algebra isomorphism U~ — > U + . Set cu = aO, 
i.e., oj is the involutive antiautomorphism of U given by cu(ej) = f\ki, uj(fi) = 
k~ x e h u(U) = U. 

Let (f),n,n v ) be a realization of (a^) over Q, that is, f) is (a rational form 
of) a Cartan subalgebra of the corresponding semisimple Lie algebra, II = {«!, 
. . . , a r } C f)* the set of simple roots, II V = {a\, . . . , a^} C f) the set of simple 
coroots. Let R be the root system, R + the set of positive roots, and W the Weyl 
group. Denote by s a G W the reflection corresponding to a root a. For w G W, 
A G f)* we set w ■ A = u>(A + p) — p. Let ui, . . . , G f) be the simple coweights, 
i.e., (aij, tij) = <5jj. We denote by p the half sum of the positive roots. For w G W 
and A G f)*, we set w ■ A = tu(A + p) — p. 

Let 

Q+ = 5Z z+a - 

For /3 = J2j c j a j e Q+) denote ht /3 = ■ c j e For A, /i G f)* we set A > p iff 
A - p G Q+. 

Take an invariant scalar product ( • | • ) on f)* such that (a\a) = 2 for any short 
root a. Then = 

Denote by T the multiplicative subgroup generated by ti, . . . , t r . Any A G f)* 
defines a character A : T — >■ k given by ti h> q d i( x > u i) , We will write A = g A . 
Notice that g A (/cj) = q di ^ a ^ . We extend g A to the subalgebra U° by linearity. 
We say that an element x G U is of weight A if txt~ l = q x (i)x for all t G T. 

For a [/-module V, we denote by 

V[X] = {veV\tv = q X (t)v for all t G T} 

the weight subspace of weight A. We call the module V admissible if V is a direct 
sum of finite-dimensional weight subspaces V[X\. 

The Verma module M(A) over U with highest weight A and highest weight 
vector 1a is defined in the standard way: 

M(X) = U~1 X , U + 1 X = 0, tl x = q x (t)l x , teT. 

The map U~ — > M(A), y h-> yl x is an isomorphism of [/"-modules. 

Set U± = Ker e\u± and denote by x h-> (rr) the projection U —> C/° along 
U+ ■ U + U ■ UX- For any A G t)* consider 7r A : E/+ (g) C/~ ->■ k, 7r A (a; ® y) = 
q x ((a(x)y) ), and S A : [T <g> [T ->• k, § A (x ® y) = ir x (9(x) <g) y) = g A ((w(:r)y)o). 
We call Sa the Shapovalov form on C/~ corresponding to A. We can regard Sa as 
a bilinear form on M(A). 

Set 

K x = {y G U~ 1 7r A (a; (g) y) = for all x G f/ + }, 
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K x = {x G U + 1 ir x (x <8y) = Q for all y G U }. 

Clearly, K x is the kernel of S A , K x = 9{K X ). Notice that K{X) = K x ■ 1 A is the 
largest proper submodule of M(A), and L(A) = M(X)/K(X) is the irreducible 
[/-module with highest weight A. Denote by l x the image of l x in L(X). 

The following propositions are well known for the Lie-algebraic case. They 
also hold for the case of U — U q g. Proposition [1] follows from a simple U q s\(2) 
computation. For Propositions [2], [3], HI see [5]. 

Proposition 1. Assume that A G h* satisfies (A + p, a 4 v ) =n£N for a simple 
root a>i. Then /" is in K A . 

Proposition 2. Let A G f)* fre dominant integral. Then the U -module L(X) is 
finite dimensional, and dim(L(A)) [p] = dim(L(A)) [u>p] for any p 6 f)* and 
tuGf. 

Proposition 3. Assume that A G f)* satisfies (A + p, a v ) = n G N /or some 
a G R+ and (A + p, (3 y ) £ N /or a// /3 G R+ \ {a}. Then K x is generated by a 
single element of weight —not. 

Proposition 4. Let A G f)* fre dominant integral, (A + p, a;^ 7 ) = n i; i = 1, . . . , r. 
Then K x is generated by the elements f^, i — 1, . . . , r. 

In the sequel we need some properties of the universal i?-matrix of U. Namely, 
let V\, V2 be [/-modules such that V\ is a direct sum of highest weight modules 
or V2 is a direct sum of lowest weight modules. Then the i?-matrix induces an 
isomorphism R : V\ ® Vi — >■ V2 ® V\ of [/-modules. Moreover, if Vi is a highest 
weight module with highest weight A and highest weight vector l x , and V2 is a 
lowest weight module with lowest weight p and lowest weight vector 1 M , then 

fl(l A ® 1^) = ?-^%® 1a- 

Let F = k[G] q be the quantized algebra of regular functions on a connected 
simply connected algebraic group G that corresponds to the Cartan matrix (a^) 
(see [HI |9]). We can consider F as a Hopf subalgebra in the dual Hopf algebra 
U*. We will use the left and right regular actions of U on F defined respectively 
by the formulae (~ctf)(x) = f(xa) and (f 4 a)(x) = f{ax). Notice that F is a sum 
of finite-dimensional admissible [/-modules with respect to both regular actions 
of U (see 0). 

3 Star products and fusion elements 
3.1 Algebra of intertwining operators 

Let us denote by U^ n C U the subalgebra of locally finite elements with respect 
to the right adjoint action of U on itself. We will use similar notation for any 
(right) [/-module. 
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For any (left) [/-module M we equip F with the left regular [/-action and 
consider the space Honi;y(M, M ® F). For any ip, ip G Hom^M, M ® F) define 



ip * ip = (id o (y? (g) id) o ?/>, (1) 

where /x is the multiplication in F. We have ip*ip £ Homu(M, M <g> F), and this 
definition equips Hormy(M, M <g> F) with a unital associative algebra structure. 

Consider the map $ : Hoimy (M,M eg) F) — > EndM, 93 n> -u^, defined by 
u^m) = (id®e)((p(m)); here e(/) = /(l) is the counit in F. Consider [/fi n , 
Homjy (M,M (g> F) and EndM as right [/-module algebras: [/g n via right ad- 
joint action, Hom^M, M £g> F) via right regular action on F (i.e., (<p ■ a)(m) = 
(id ®*a)((p(m))), and End M in a standard way (i.e., u-a = XI (a) <J ( a (i))MMa( 2 ) A/ ). 
Then Hom f/ (M, M <gi F) fin = Hom c/ (M, M <g> F), and $ : Hom C7 (M, M g> F) — ► 
(EndM)fi n is an isomorphism of right [/-module algebras (see [8] Proposition 6]). 

Now we apply this to M = M(A) and M = L(X). Since [/ fin (EndM(A)) fin 
is surjective (see [3 [6]), we have the following commutative diagram 

Hom a (M(A), M(A) g> F) Honny(L(A), L(A) g> F) 



*M(A) 



(End M(A)) fin (End L(A)) fin 

(see [H Proposition 9]). 

For any y? G Hom C7 (L(A), L(A)<g>F) the formula <p(T A ) = Ta®/ v +E m <a 
where f M is of weight /1, defines a map : Hom;y(L(A), L(A)<g)F) — >■ F[0], ^ 

Theorem 5. is an embedding, and its image equals F[0] Kx+Kx . 
To prove Theorem [5] we need some preparations. 

In the sequel V stands for an [/-module which is a direct sum of finite dimen- 
sional admissible [/-modules. 

For an admissible [/-module M we will denote by M* its restricted dual. 

Let M(A) be the "opposite Verma module" with the lowest weight A G f)* 
and the lowest weight vector 1a. It is clear that F_a • 1a is the largest proper 
submodule in M(A). 

Lemma 6. Honny-(M(A), V) = (V ® M(\)*) u ~ , Uom u +(M(X), V) = (V <g> 
M(X)*) U+ . 

Proof. For any ip G Rom u ~(M(X),V) the image of <p is equal to the finite- 
dimensional [/"-submodule U~(p(l\). Therefore for any x G U~ such that xl\ 
is a weight vector whose weight is large enough we have cp(xl\) = x<p(l\) = 0. 
Thus ip corresponds to an element in (V <S> M(X)*) U . 

The second part of the lemma can be proved similarly. □ 
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Choose vectors V x E M(A)*[-A] and 1* A e M(-A)*[A] such that (l* x , 1 A ) = 
(T* A ,T_ A > = 1. Define maps C : Homj/(M(A), V <g) M(-A)*) V[0] and f : 
Hom c/ (M(-A), 1/ <g> M(A)*) -»■ V[0] by the formulae p(l A ) = ( v ® 1* A + lower 
order terms, <£>(1_a) = £g> 1 A + higher order terms. 

Consider also the natural maps 

r : Hormy(M(A) ® M(-A), V) -»■ Hom c/ (M(A), 7 ® M(-A)*), 
r : Hom i7 (M(A) g> M(-A), V) ->■ Hom^(M(-A), V <g) M(A)*). 

Proposition 7. Maps £, r ; anc ^ ^ are vector space isomorphisms, and the 
diagram 



Hoimy(M(A) <g> M(-A), 1/) — ^ Hoimy(M(A), V g> M(-A)*) K 



Hom C7 (M(-A) <g> M(A), 1/) — ^ Hom C7 (M(-A), V <g> M(A)*) — ^ 7 
zs commutative. 

Proof. First of all notice that we have the natural identification 

Ho m£/ (M(A),y <g> M(-A)*) = (V ®M(-\)*) u+ [\], 

Further on, we have 

Ho mc/ (M(A) <g> M(-A), V) = Hoimy(M(A), Hom(M(-A), V)) = 
Hom £/ +(M(-A),y)[A] = V[0]. 

On the other side, Hom C7 +(M(-A), V) = (V ® M(-A)*) l/+ by Lemma El Now it 
is clear that the map r (resp. () corresponds to the identification Hom;j(M(A) <g> 
M(-X),V) = (V®M(-\)*) U+ [X\ (resp. (V ® M(-A)*2 a+ [A] = V[0]). 

The second part of the proposition concerning r and £ can be verified similarly. 

Finally, since ^ _1 (1_a <E> 1a) = q~^ x ^l\ ® 1-a, the whole diagram is commu- 
tative. □ 

Now note that the pairing tt\ : f/ + £g> U~ — > k jnaturally defines a pairing 
Af(-A) <g> M(A) -»■ k. Denote by x\ ■ M(\) -»■ M(— A)* the corresponding 
morphism of [/-modules. The kernel of xa is equal to K(X) = K\ ■ 1 A , and the 
image of x\ is (-^a • 1-a) 1 " — L(X). Therefore xx can be naturally represented as 
Xx ° Xa> where 

M(A) ^> L(A) ^> M(-A)*. 
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The morphisms x'x and X\ induce the commutative diagram of embeddings 
Hom [7 (L(A), V ® L(X)) Ho m[/ (M(A), V <g> L(A)) 



Hom c/ (L(A), 7 ® M(-A)*) Hom c/ (M(A), 1/ <g> M(-A)*). 

It is clear that the following lemma holds: 

Lemma 8. The image of Hom c/ (L(A), V <g) L(A)) m Hom[/(M(A), 1/ g> M(-A)*) 
under the embedding above consists of the morphisms ip : M(A) — >■ V <8> M(— A)* 
stzc/j tfiat <^(^a1a) = and (p(M(X)) C V ® (K A 1_ A ) ± . □ 

Proposition 9. Lei <p G Hom c/ (M(A),y ® M(-A)*). T/jen y?(M(A)) C V <g> 
(J^I-a^ iff 1(^ = 0. 

Proof. First notice that <p(M(\)) C (KaI-a^ iff y>(l A ) G ^<8> (^ a 1-a) ± - In- 
deed, for any x E U we have <£>(x1a) = ^ >x (2)) ( p('^\) and [/■ (/GvI-a) 1 " = 

Denote by ip the element in Hom;y+(M(— A), V) that corresponds to v?(1a) E 
{V ®M(-\)*) U+ (see LemmaEl). Under this notation ¥>(1a) e V ® (^ a 1-a) X iff 
^(X a 1-a) = 0. On the other hand, C v = ^(1-a) and ijj{K x l^ x ) = K x i/j(1_ x ) = 
K x ( v . This completes the proof. □ 

Proposition 10. Let <p E Hom [/ (M(A), V ® M(-A)*). T/jen <^(K A 1 A ) = z/f 
^aC v = 0. 

Proo/. Consider = r -1 (<£>) G Hom c/ (M(A) ® M(-A), V), ^ = j?" 1 e 
Hom c/ (M(-A) ® M(A),1/), and ^ = r(^>) G Hom[/(M(-A), V ® Af(AQ (see 
Proposition ED. Since X a 1a ® M(-A) is an U <S> £/-submodule in ilf(A) <8> M{— A), 
onejias ^(^ a 1a) = iff £(Ka1a ® M(-A)) = iff £>(M(-A) g> K a 1a) = iff 
£(M(-A)) C (KaIa)^. _ 

Arguing as in the proof of Proposition[9]we see that ip(M(—\)) C V® (/CaIa) 1 " 
iff K X Q^ = 0. Now it is enough to notice that = q^^^Cip by Proposition [7J 
and therefore K x (^ = iff K x ^ = 0. □ 

Define maps u : Hom l/ (L(A), L(A) g> V) ->■ V[0] and v : Hom t/ (L(A), V ® 
L(A)) — > V[0] via <p i— > w^, where v?(1a) = 1a <8> + lower order terms, and 
if) i — y v<p, where if)(l x ) = ity <S> 1a + lower order terms. 

Proposition 11. The map v defines the isomorphism Hom[/(L(A), V <S) L(X)) ~ 

V ^K X +K X 
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Proof. Observe that v can be decomposed as 

Hom f/ (L(A), V ® L(A)) — ► Hom c/ (M(A), V <8> M(-A)* 



where the first arrow is the natural embedding considered in Lemma El Now it 
is enough to apply the above mentioned lemma and Propositions M and [Hfl □ 



Proposition 12. The diagram 
Ho m[/ (L(A),y®L(A)) — 



Komu(L(\),L(\)®V) 
is commutative. 



V 



V 



0] 



id 



0] 



Proof. Take^ G Hom t/ (L(A), V r ®L(A)) and 9? = i?o^ g Hom [/ (L(A), L(A) ® V). 
Since ity is of weight 0, we have (p(l\) = Rift(l\) = R(v^ <g) 1a) + lower order 
terms = v ^ <E> 1a + lower order terms. □ 

Applying Propositions [TT] and [12] to the case V r =Fwe get Theorem [51 



3.2 Reduced fusion elements 

In this subsection we describe _1 : F[0] Kx+K> - -> Hom c/ (L(A), L(A) <g> F) ex- 
plicitly. We are going to obtain a formula for G -1 in terms of the Shapovalov 
form. Recall that we can regard S bilinear form on M(A). Denote by §a 

the corresponding bilinear form on L(X). For any ft G Q + denote by § A the 
restriction of §a to L(A)[A — ft]. Let y^ ■ l x be an arbitrary basis in L(A)[A — ft], 
where G U~[—ft]. 

Take / G F[0] K * +it * and set (p = Q-^f), 

Remark 1. For /3 = we have y % = 1 and J' 3 ' 2 = /. 
Proposition 13. = £. (sf)" 1 ^^/. 

Proof. For any /3 = c j a i e <3+ se ^ ^8 = llj kj 3 e ^ an d As = <7 A (^s) = 

\[:(l' l,r A '" ; 

Set £ = <£>(1a)- Clearly, £ is a singular element in L(X) <g) F. In particular, 

(A* <g> fci)£ = q d ^ x > a ^£ and (e* <g> 1 + g> e*)£ = 0. Thus (e< <8> l)f = g*<W)(i <g> 
f7_1 ( e i))^- By induction we get (x <g> 1)£ = A ( g(l <g> cr _1 (:r))£ for any x G t/ + [/3]. 
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Let uj' be the involutive antiautomorphism of U given by u/( e «) = fi, co'(fi) = 
ej, u)'(ti) = ti. Set x 3 p = u'(yp). Then we have 

(S A ® id) (T A ® (4 <8> 1) C) = A/3 (S A ® id) (T A ® (l ® a" 1 (zj)) £) . (2) 

It is easy to show by induction on ht (3 that oj(xi) = q^'yikp and a~ 1 (x 3 g) = 

q°^9(y j p )kp 1 for a certain c(/3). (Actually c((3) = d x + . . . + di - §(/?, d\a( + . . . + 
diOi).) Hence the 1. h. s. of ([2j) equals 

Sa (« (4) Ta, ^Ta) /*« = ? C( \E^ W T a. ^ T a) / A< 

i i 

and the r. h. s. of (jSJ) equals 



A^" 1 (4)f = ^Ap6 (yj,)f. 
Combining these together we get 



£§a (^1a,^1a) /** = ($/, 

i 

and the proposition follows. □ 
For any A G f)* consider 



One can regard J (A) as an element in a certain completion of U g) 

Remark 2. This element J red (A) is not uniquely defined (e.g., because U~ — > 
L(X) has a kernel), but this does not affect our further considerations. 

Remark 3. For / G F[0] K ^+^ and (p = e _1 (/) one has ^C^a) = ^ rcd (A)(lA®/)- 

Let us define an associative product *a on F[0] Kx+Kx by means of G, i.e., for 
any / 1; / 2 G F[0]**+** we define f x * A / 2 = ©(^i * ¥> 2 ), where ^ = S^/i), 
if2 = © _1 (/2), and * is the product on Hom[/(L(A), L(\) (g) F) given by ([T]). By 
this definition, we get a right ^/-module algebra (F[0] Kx+Kx , *a). 

Theorem 14. We have 

fi *a / a = A* (^ red (A)(/i ® / 2 )) ■ (4) 



10 



Proof. Observe that 

* v9 2 )(Ta) = (id<g)^)(</?i <g)id)(<y2 2 (T A )) = 

(id ®n) (y?! g> id) T A ® / 2 + E E ^ " Ta ® ^ '* 

\ /3eQ+\{0} i 



■/3,i 

2 



(id®A*)Ui(lA)®/ 2 + E ^(A( y y^(l A ))«)/ ; 
\ /?eQ+\{0} i 

Ta ® j /1/2 + E E I + lower order terms, 

where in the last equation we use the fact that for any y G L^T we have A(y) 
I ® y + YlkVk ® z k with y k eU+. Therefore 



fx *x / 2 = /1/2 + E E =EE (3a) /i 5 

/3eQ+\{0} j /3eQ+ i 

To finish the proof it is enough to apply Proposition [T3l to / 2 . □ 

Remark 4. Theorem [T3] together with results of [5] implies that the algebras 
ttomu(L(\),L(\)®F), (EndL(A)) fin , and (F[0] K * +K \* X ) are isomorphic as right 
Hopf module algebras over U. 



4 Limiting properties of the fusion element 

We say that A G i)* is generic if (A + p, /3 V ) N for all (5 G R + . In this case 
L(A) = M(A), and we set J(A) = J rcd (A). Notice that J(A) up to a E7°-part 
equals the fusion element related to the Verma module M(A) (see, e.g., [1]). 

4.1 Regularity 

Let Ao € f)*. Since J(A) is invariant w. r. to t(6 £g> 0) (where r is the tensor per- 
mutation), one can easily see that the following conditions on Ao are equivalent: 
1) for any [/"-module M the family of operators J(A) M : M(g>F[0] Kx o ->■ M <g> F 
naturally defined by J (A) is regular at A = A , 2) for any f/ + -module N the family 
of operators J(A)jv : -F[0] Xa o cgjiV — > F<g>N naturally defined by J (A) is regular at 
A = A . We will say that A is J -regular if these conditions are satisfied. Clearly, 
any generic Ao is J-regular. 

Proposition 15. Assume that A G f)* J-regular. Then F[0] Kx o = F[0] Kx o = 
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Proof. Let g G F[0] Kx o. If A G f)* is generic, then the element J(A) M(A) (l A ®g) is a 
singular vector of weight A in M(A) Cg> F. Therefore Z := lim A ^ Ao J(\) M( - X \l x ® 
g) is a singular vector of weight A in M(A ) ® F, and hence we have <pz £ 
Hom c/ (M(A ), M(A ) ® F), cp z {l Xo ) = Z. 

Under the natural map Hom l/ (M(A ), M(A )®F) ->■ Hom ;7 (L(Ao), F(A )®F) 
we have ipz | — >■ V 9 ^"; where ^(1a ) = Z = the projection of Z onto F(Aq) ® F. 
Now notice that g = 8(<Pz) e F[0]**> +J V 

The proof of F[0]**o = F[0] is s i m ii ar . □ 

Proposition 16. Assume that X G f)* is J-regular. Then the natural map 
Rom u (M(X ), M(A ) ® F) ->■ Hom c/ (L(A ), L(A ) <8> F) surjective. 

Proof. We have the isomorphism 

: Hom [/ (L(Ao),L(A ) <S> F) — > F[0]* a o+*ao = FfO]^. 

Now take g G F[0]^o. Consider Z = lim A _* Ao J(A) M W(1 A g> #) G M(A ) ® F. 
Since Z a singular vector of weight A , we have y?z G Hom l /(M(A ), M(A ) <8> 
F), ^(Iao) = Z. Clearly, under the mapping Hom c/ (M(A ), M(A ) <8> F) -> 
Hom[/(L(Ao), F(Ao) ® F) the image of ipz equals to 6 -1 (g), which proves the 
proposition. □ 

Proposition 17. Assume that Ao G ()* zs J-regular. Then the action map Ua n — > 
(EndL(Ao))fi n is surjective. 

Proof. Recall that we have the isomorphisms 

Hom C7 (M(Ao),M(A ) ® F) ~ (End M(A )) fin , 
Hom c/ (L(Ao),F(A ) ® F) ~ (EndL(Ao)) fin . 

It is well known that the action map Ua n —> (EndM(Ao))fi n is surjective for 
any Ao G f)* (see [5j Ej). Since by Proposition [16] the map (EndM(Ao))fi n — > 
(EndL(Ao))fi n is surjective, the map U& Q — > (End L(Ao))fi n is also surjective. □ 

Proposition 18. Assume that Ao G f)* is J-regular. Then for any f,g G FfOj^o 
we have J{X)(f (g> g) ->■ J red (X )(f ® g) as X -> A . 

Proof. For any A G f)* we may naturally identify M(A) with ?7~ as ?7~-modules. 
Therefore we know by definition of J-regularity that J(A) M( - A - ) (1 A <8> <?) is regular 
at A = A . Thus J(A) M(A) (1 A ® g) ^ Z e M(A ) ® F as A -> A . In an arbitrary 
basis y l p G U~ [—j3] we have 

J(A) A/ W(1 A ® g) = £ E ( § a)^ ^ 1a ® 
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and 



z = E 

/3eQ+ i,j 



for some coefficients af.-. 



Now choose a basis y'^ G £/~[— /?] in the following way: first take a basis in 
K\ [—/3] = K\ fl /3] and then extend it arbitrarily to a basis in the whole 
U~ [—/?]. In this basis the projection Z G L(Aq) ® -F of the element Z is given by 



Z= E E <4 • ® * (5) 

Now notice that Z, being the limit of singular vectors of weight A in M(\)(B)F, 
defines the intertwining operator <p z G Hom C /(M(A ), M(A ) ® F), ipz(l\ ) = Z. 
Under the natural map Hom [/ (M(A ), M(A ) ® F) -»■ Hom c/ (L(A ), L(A ) ® F) 
we have y>z (-»> where <Pz(Ta ) = Therefore Z = J red (A ) M(Ao) (TA ® </) 
by Proposition [TBI and the definition of J red (Ao). Comparing this with (JSJ) we 

conclude that for all i,j such that £ iT^ [— /3] we have a£ = (§ Ao ) 

Finally, 



w ® <?) E E ® * = 
E E <if ® ^ = 
E E (K) 7 2/ ® ^04)^ = jred ( A °)(/ ® <?) 

as A —j- A . □ 

Corollary 19. Assume that A G fj* is J -regular. Let f\,fz G F[0] Ka o. JTien 
A *a /2 -» fi *a /a as A -> A . □ 

4.2 One distinguished root case 

Theorem 20. Let a G R + . Consider A G P)* satisfies (A + p, a v ) = n G N, 
(A + p, /3 V ) ^ N /or a// (3 G R + \ {«}. Then A J -regular. 

Proof. Fix an arbitrary line / C f)* through Ao, / = {Ao + tv \ t G R}, transversal 
to the hyperplane (A + p, a v ) = n. 

Identify M(A) with U~ in the standard way. Recall that we have a basis y l g G 



Er[-/9] for (3 G Q+. Let L (s(\ G End t/-[-/3] be given by the matrix (§■ 
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in the basis y%. Notice that KerL (§fj = Ker§f o = K Xo [-p] = K Xo n U~[-0\. 
For any A G / sufficiently close to Ao, A 7^ Ao we have M(A) is irreducible, and 
L (^x^j is invertible for any (3 G Q+. In this notation we have 



/36Q+ j 



Take A = A + tv G I. Fix any /3 G Q+ and set = U~[-fi], A t = L ( 

V = KerA = K Xo [-0\ C V. Write A t = A + tB t , where B t is regular at t = 0. 
Since J (A) may have at most simple poles (see, e.g., [2]) we have A^" 1 = + D t , 
where D t is regular at t = 0. 

Lemma 21. ImC C Vq. 

Proo/. We have A^" 1 = id for any t ^ 0, i.e., ±A C +A Q D t + B t C +tB t D t = id. 
Since the left hand side should be regular at t — 0, we have j4 C = 0, which 
proves the lemma. □ 

For t 7^ set J t = ^t^Vj ® 6(Vj) (from now on we are omitting the index 
(3 for the sake of brevity). By Lemma I2T1 we have Cyj G Vq — K\ o [—0\. Hence 

for / G F[0] A '*o we have Cyrf = 0. Therefore A^yjf = + D^f = 

D t yjf. This proves the regularity of (Jt)jv(/ ® •) a ^ t = 0, i.e., the regularity of 
JqWnU ® -) at A = A . □ 



4.3 Subset of simple roots case 

Theorem 22. Let T C II. Consider A G f)* £/ia£ satisfies (A + p, a 4 v ) G N /or 
all a>i G T, (A + p, /3 V ) ^ N for all (3 G R + \ SpanT. Then A J -regular. 

Proof. Recall that the only singularities of J(A) near Ao are (simple) poles on 
the hyperplanes (A — A ,a v ) = for a G R + PI SpanT (see, e.g., [2]). Therefore 
it is enough to show that for any / G FfOj^o the operator J(A)at(/ <S> •) has no 
singularity at any such hyperplane. 

Take a G R+ D SpanT and consider a hyperplane (A — Ao,« v ) = 0. Take 
an arbitrary A' G fj* such that (A' - A , a v ) = 0, and (A' + p, /3 V ) £ N for all 
(3 G R + \ {a}. 

Lemma 23. K\> C -£T,\o- 

Proof. First, assume that Ao is dominant integral, i.e., Y — II. Set n = (Ao + 
p, a v ). Consider the irreducible [/-module L(X ) with a highest weight vector 
1a . The inclusion K\i C K Xo is equivalent to the equality Kx'l\ = 0. By 
Proposition [3l Ify is generated by an element xy G U~ of weight -na. Hence 
the vector x\il\ has weight Aq — na. Thus it suffices to show that Aq — na 
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is not a weight of L(\q). Indeed, easy computations show that s a (\o — no) = 
A + (p,a v )a > Ao, and since the set of weights of L(X ) is ^-invariant, the 
lemma is proved in this case. 

Now, let us consider the general case. Let Ao be an arbitrary weight satisfying 
the assumptions of the theorem. Set rii = (X + p, a(). Denote by K' x the right 
ideal in U~ generated by the elements aij G T. By Proposition [H we have 
K' Xo CK Xo . 

Denote by X(X ) the set of dominant integral weights p such that (p+p, a^) = 
rii for all ati G V. We have proved that K\i C for any p G X(Ao). Thus 

For p G X(X ), Proposition H] yields that K M is generated by K' Xq and the 

elements f^ +P ' 3 \ j G II \ T. Notice that choosing p G X(A ), all the numbers 
(p + p, Oj) can be made arbitrary large. Hence, K' Xq = f]^ex(A ) Therefore, 
K\i C K' Xo C K\ . The lemma is proved. □ 

The lemma implies that F[0] Ka ' D FfOj^o, and applying Theorem [201 to A' 
we complete the proof of the theorem. □ 

Remark 5. In fact, it is possible to prove that if Ao satisfies the assumptions of 
Theorem [22| then K\ is generated by the elements f^ Xo+p,a '^ ai £ p. Indeed, 
this fact is well-known in the classical case q = 1, see [3]. Let us consider the 
highest weight module V q = M q (Xo) / K' x (we have used at this point the notation 
M q for the Verma modules over U q Q). We have to prove that it is irreducible under 
assumptions of the theorem. If not, there exists some weight space V q [p] such 
that the determinant of the restriction of the Shapovalov form on V q to V q [p] is 
zero. Let us denote the Shapovalov form on V q by §> q and its restriction to V q [p] by 
Sg[yu]. Taking limit q — > 1 (it can be done in the same way as in [51 Sections 3.4.5- 
3.4.6] we see that S q [p] — > §i[/i] and detSg^] — » det§i[/i]. However, the latter 
determinant is non-zero because V\ is irreducible. Hence, V q is also irreducible. 

4.4 Application to Poisson homogeneous spaces 

Let Ten. Assume that A G f)* is such that (A, ct v ) = for all a G T, and 
(A + p,/3 v ) N for all /3 G R + \ SpanT. By Theorem EH A is J-regular. In 
particular, F[0] K ^ +K * = F[0] K \ 

In what follows it will be more convenient to write F q , J q , and K q \ instead 
of F, J, and K\. We will also need the classical limits F% = lim^i F q and 
Ki \ = lim g ^i K Qt \. They can be defined in the same way as in [51 Sections 3.4.5- 
3.4.6]. 

Clearly, Fi is the algebra of regular functions on the connected simply con- 
nected group G, whose Lie algebra is q. Let t be a reductive subalgebra of q which 
contains f) and is defined by T, K the corresponding subgroup of G, and F{G/ K) 
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the algebra of regular functions on the homogeneous space G/K. According to 
Theorem 33], we have F(G/K) = Fx[Q] K ^. Therefore we get 



Proposition 24. lim^j. F q [Q] K «* = F(G/K). □ 

Furthermore, since i^[0]^«> A is a Hopf module algebra over U, F(G/K) is 
a Poisson homogeneous space over G equipped with the Poisson-Lie structure 
defined by the Drinfeld-Jimbo classical r-matrix r = ^ Qg R, + e a A e_ Q . 

All such structures on G/K were described in [7j. It follows from [7J that any 
such Poisson structure on G/K is uniquely determined by an an intermediate 
Levi subalgebra n satisfying t C n C $j and some A G f)* which satisfies certain 
conditions, in particular, (A, a v ) = for a G T and (A, /3 V ) Z for G SpanT n \ 
Span T. Here r n is the set of simple roots defining n. 

Now we can describe the Poisson bracket on G/K defined by ^-multiplication 
on F q [0) 



K, 



Theorem 25. Assume that (A , ct v ) = for a G V and (A , f3 v ) Z for f3 G 
R + \ SpanT. Then the classical limit of (F 9 [0] XlJ ' A o ; * Ao ) is the algebra F{G/K) 
of regular functions on G/K equipped with the Poisson homogeneous structure 
defined by n = g and A . 

Proof. By Theorem [22l Ao is J-regular, i.e., for /i,/2 G F q [0] Kq ' x o we have 

fl *A /2 = /l *\f2 = V (jqWifl ® / 2 )) • 

A— >A() \ / 

Take g = e~i Then J 9 (|) = 1 <g> 1 + %'(^) + 0(^ 2 ), and r(A) = j(X) - j(\) 21 
is the standard trigonometric solution of the classical dynamical Yang-Baxter 
equation (see, e.g., [T]). Thus the Poisson bracket on F{G/K) that corresponds 
to (F q [0] Kq - x o , -k Xo ) is given by 



{fi, h} = lim /I (KA5(/i ® / 2 )) 



for /i,/2 G F{G/K). By [7], this is exactly the Poisson structure defined by 
n = g and A . □ 

Notice that an analogous result for simple Lie algebras of classical type was 
obtained in |T3] using reflection equation algebras. 
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